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Dual Quaternions: what we said so far 1/2 .-"?*}L_
Sal

e New “fantasy” assumption: there is a € such that
e#20, €2=0

e Adual quaternion: p+eq , withp,g€ H

e So, eight scalars (a,b,c,d,e,f,g,h) quaternion set
e weightsfor:1,i,j,k,c,¢i,¢f,¢ck

real part imaginary real part imaginary
of p partof p of q partof q
N - ~N N 7 ~
a+bi+cj+dk+ec+fei+gej+hek

_ L 2N o 2
N N
Y + €q
the “primal” the “dual”
quaternion quaternion
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Dual Quaternions: what we said so far 2/2 ,..'-':—,}.,
Sl

a+bi+cj+dk e+fi+gj+hk
-/ N——
e Adual quaternion p+ € q can represent:
e apoint/vectorin 3D, whenp=1andReal(q)=e=0
thenIm(q)=(f,g9,h) = (xy,2)
e aroto-translation, when ||p||=1 and p:q=0
then p encodes the rotational part
and g encodes the translational part

4D dot product

e (nothing, otherwise) du?"qutatejmoi
conjugate: p-€q

e To roto-translate a point a with roto-trans b .
just “conjugate” their representationsa’ «—b*xa*b

dual quaternion

multiplication
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Quaternion math: Dot Product .-"?*.. '_
e

(a reminder of a few rules that will be useful)

e Computed considering the quaternions as vectors in 4D

e let'sdenoteitas(p,q)
to avoid confusion with the standard quaternion product p q

e The dot can also be rewritten as the real part
of the product of p with the conjugate of q,
or vice-versa, any order:

(p,q)=Re(p @ =Re(q p)
e Dot product of a quaternion with itself:
(p,p) =pp=lpll?

e Also: (p+p) =2Re(p)
(p—P) =2Im(p)
e Also: (pqQ)=qp
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Dual Quaternion math: Product

(Po+q0) * (P1+q1)

PoP1+ 5(1’0‘11"“101’1)"‘%

Naturally, it isn’t commutative (or anticommutative), but it’s associative.
Notation: we will always denote the dual-quat multiplication with *.
(observe that we won’t need the dot product (in 8D) for dual-quats)

114

Dual Quaternion math: Conjugate

imaginary real
primal a b c d
ada =
dual e f g h
imaginary real
_ primal | —a —-b —-C d
ad =
dual e f g —h

Rationale: conjugate both primal and dual quat, flip sign of dual quat: p+eq=p—¢q
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Dual Quaternions of pure rotations & translations ,;f'.‘—.}n,_
"7 J
imaginary real
e Pure rotation , e o
dual quaternion primal sm(E) d COS(E)
by axis 4 le a:
y axis 4, angle a dual 0 0
imaginary real
e Pure translat.ion primal 0 1
dual quaternion
by vector t: dual %f 0
116
|
Proof F =
1/2 i
1, . 1,
1+ ¢ Et,o «(1+e@0)*|1+ ¢ Et,o =
1, L1,
=14+ ¢(=t,0)|*x|{1+c|Vv+=t,04+0]]|=
2 2
_14e (4280
= e\v Zt
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Proof '—.}L
2/2 e

(r+c0) *(1+c(@,0)*(F+0) =

=(r+c0)*x (f+WvV,0r) =

=,P1’l_(+ e(r (v,0) 1)
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Dual Quaternion for a roto-translation Fo.Y
(14+ct)*(r+<0)
r + ctr
imaginary real
with... > s =sin(g)
r= sa c
L R R R c = COS(%)
and so... tr=- stxa+ ct sa-t
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Conclusion: the dual quat for the :.“.}L,_
rotation around a by a followed by trans by t ~
imaginary real
primal sa C
dual svXxa+cv -sa-Vv
s = sinG oc)
1
c = COS(EO()
- 1-
v =-t
2
120
n
j.“l; .

<1 + ¢ <%f,0>)*(0+s(7,0))*<1 + ¢ (%%,0)) =
(14 (o)) (ore( v 0))-

:0+€< 5 ‘0> Dual.quat
applied

to vectors 1/2
(they DON'T translate!)
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&tk
el §
(r+c0) *(0+c(¥,0)*(F+e0) =
=(r+0)* (0+(Hw0Tr) =
=04+ e(r(,0)r)
Dual quat
applied
to vectors 2/2
(they rotate!)
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Inverting a Dual Quaternion roto-translation: .-;?*,}L_
Sall

conjugating both primal and dual quaterions

Proof: r+ct)*(F+et)

rr+ c(tr+rt)
1 tr

r
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Dual quaternions as rototranslation
(summary of other operations)

e Fach roto-translation is expressed by
exactly two (opposite!) dual quaternions

e Their primal is unitary,
their dual is orthogonal to primal

e Dual quaternion 1 (thatis, 1 + £ 0) is the identity
(assois-1)

e Cumulation: multiplication (second * first)

e Inversion: conjugation of both primal and dual
(not the same as: dual-quat conjugation)

124

Extracting the translation of a
Dual Quaternion

Let’s just see where

the origin goes: (I' + ¢ t) * 1% (f — & E)

rr+ c(tr—rt)

1 tr—t
r

=1

1+ e2Im(tr)

the 3D vector that we are looking for

L ]
Sal
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. - r
Dual Quaternion for a .... “translo-rotation” :-D it
(compare with roto-translation!) Sl

r+c0)*x(1+4+c¢t)

r + crt
imaginary real
ith t= 1y
it 2 s = sin(g)
r= sa c
) . - - c = cos(%)
and so... tr:; saxt +ct sa-t
126
. N L 1
Interpolating Dual Quaternions Ay
Sal

mix( Po+edqo , P1+€qy , )

1. Take shortest path:
if (po, P1) negative, then flip both p;1 and q4
2. Interpolate both primal & dual (LERP):
p=mix( Po ., Pi1, t )
q=mix( Qo » 91, t )
3. Re-enforce p to be unitary:
divide both p and q by ||pl|

4. Re-enforce qto be orthogonaltop:
subtract (p,q)p fromq (why?)
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