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3D Rotations

Answer: 3 DOF (degrees of freedom).
i.e., rotations in 3D are a 3 dimensional space.

3D rotations: how many? '..,_:7’-
(...dimension?)

Y P €Y

(clearly they include the identity)

5
. Py
How to (internally) Wik
represent a 3D rotation ? |
that is, also,
. the orientation of
e Many possible ways, an object
matching the criteria to different degrees
e Fach way is used in some context
(realted to gaming)
e Therefore, today we will see them all
(including how to switch from one to another)
6
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3D Rotations

Compare with:
representing translations in 3D

e Trivial:
displacement vector (3 floats)!

e perfect under all criteria
(exercise: verify)

Compare with:
representing rotations in 2D

e Trivial: one angle (a dimensionless scalar)

e perfect under all criteria
(exercise: verify)

e (only choice: degrees or radiants?)

[0,360°)  [0,2-Pi)

A caveat: interpolation!
«pick the shortest route»
mix( 25°,335°,0.5)=0
(but, still easy)

25°

335° =-25°
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3D Rotations

Compare with:
representing rotations in 2D

e Compute angle — vector

Compare with:
representing rotations in 2D

e Compute angle « vector

y ______________

pro tip: use atan2 in any language: a = atan2(y, x )

10
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3D Rotations

Way 1: 3x3 matrix (9 floats)

e after all, each rotation is a linear matrix
e (3x3 submatrix of the 4x4 rotation matrix)

0
R o

0
000 1

e as we know, R is orthonormal, with det = +1

11
Way 1: 3x3 matrix (9 floats)
e Wasteful in RAM (9 scalars, versus a minimum of 3)
e Easy to apply (matrix-vector prod: 9 mults)
e Relat. easy to cumulate (matrix-matrix prod: 27 x mult)
e Immediate to invert (just transpose)
hy?
e Interpolate: troubles
K Ry *00 R, = M
NOT a
rotation
12
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Way 1: 3x3 matrix (9 floats)
a problem

e Multiplying matrices cumulates the rotation

e remember: neither matrix-matrix product,
nor cumulation of 3D rotations, is commutative!

® es:Ri5r = RpR;

e rotate as R; followed by R,

e with R, R; rotation matrices

e i.e. orthonormal matrices with det =1
® R,47 is a rotation matrix too, in teory

/\in practice, approximation errors can break that
e especially after long sequences of cumulations.

13
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u
010
l Transform | ‘ |
\ T
%o Local ey D |:|
Space

M

X,

origin

15

Way 1: 3x3 matrix (9 floats)

e Nice plus:
its three columns are
the three versors representing
the X,Y,Z axis of the locals space
in global space

e i.e. the world-space versors
representing local right, upward, forward (in Unity)
or local forward, right, upward (in Unreal engine)

16
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Recap: representing rotations

1/4

Space efficient?
(in RAM, GPU, storage...)

Apply

(to points/vectors)

Invert
(produce inverse)

Cumulate
(with another rotation)

Efficient /easy to

Interpolate
(with another rotation)

Intuitive?
(e.g. to manually set)

Notes...

9 scalars

9 products
(3 dot products)
® -
Tandpode
matrix
@@ multiplication
— (9 dots)
-, .

Free skew + scale!
Free X,Y,Z axis

17

Rotations as 3x3 matrices exercise:
“look-at” rotation

e Given observer position A and observed point B
e or, directly, a look directionv=(B—A) /|| B-A]|]
find the rotation (ie. the facing) for a character
which must be facing toward this look.

e Incomplete specification!
We also need: a target «up» vector u

e the character wants to keep its up-direction as similar
as possible to u, while looking toward B

e Very useful for characters looking at something
/ facing toward something

19
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, . . Sy
Rotations as 3x3 matrices exercise: '..,_:]’-
“look-at” rotation

e Solution:
e find the x, y, z directions of this local character
e note: they must be 3 reciprocally orthogonal versors
e make them the columns of the 3x3 rotation matrix
e for example, in Unity:
e 7z =v(easy! the forward direction is exactly v!)
e y=u? NO!it wouldn’t be necessarily orthogonal with 7

e but, x=uxz /||uxz]|| (notethe re-normalization)
i.e. the right vector is orthogonal to both zand u

o finally, y=zxx

20

%
Representations of ‘115?
3D rotations

e 3x3 matrices

efuler angles

e the most intuitive way to
express a rotation

eec.g., well understood by digital artists!

21
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3D Rotations

Way 2: Euler angles (3 fioats)

e Any 3D rotation can be expressed
as:
e arotation around X axis (by o degrees), followed by:
e arotation around Y axis (by 5 degrees), followed by :
e arotation around Z axis (by y degrees):

° Angles o B v o this order (X-Y-Z)
“Euler angles” of a specific is chosen arbitrary
e (therefore: its “coordinates”) SE;?:;:;H
(in a given game
engine / lib)
22
Way 2: Euler angles (3 fioats)
e In nautical / aeronautical language,
the three angles have names:
roll pitch yaw
(rollio) ( beccheggio ) ( imbardata )
23
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3D Rotations

Way 2: Euler angles (3 fioats)

e A physical
implementation:
“three axes
globe”

24
Way 2: Euler angles (3 fioats)
e Isitl1:17?
e 1 rotation < 1 euler angle triplet ?
e Almost
e assuming angles are properly
bounded (exercise: how?)
e Ugly exception:
“GIMBAL LOCK”
e when 1st rotation
makes the axes of the next
two axes coincide
e this cannot be disallowed,
no matter how axes are chosen
25

June 2019
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3D Rotations

Way 2: Euler angles (3 fioats)

e Conciseness: perfect!

e Application : a bit fatiguing
e (three rotations in succession)

e Interpolation : you can do that...
e justinterpolate the three angles

A(remember to pay attention whenever interpolating angles:
take in account a = a +360 (k) equivalence)

...but results won’t always be intuitive / nice !
e Cumulate / invert: not easy nor immediate...

exercise: why just summing / flipping

the three angles won’t work?

26

from: euler angles
to: 3x3 matrix

e Fasy to write down!

M=R(7)-R,(B)-R ()

e but requires several sin / cos evaluations

e \What about the vice-versa?
e a medium difficulty exercise

e not very convenient:
inverse trigonometric functions a go-go

27
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1/2

Space efficient?
(in RAM, GPU, storage...)

Recap: representations of 3D rot.

9 scalars

Euler Angles

3 scalars
(even small int!) SRS
\

i Apply e 9 products trigonometry
(to points/vectors) (3 dot products) S sin/cos
>
o Invert @ . =
2 (produce inverse) taudfpoce
© Cumulate matix ~=
P (with another rotation) [QEOES eation (]
o
« Interpolate S easy (o do..
W (with another rotation) (] unintuitve result
Intuitive? Z
(e.g. to manually set) AN spiteh
N Free extra GIMBAL
otes... skew + scale! LOCK
28

rotazioni

Reppresentazioni principali delle

e Matrici 3x3
eAngoli di Eulero
eAsse + angolo

e il metodo comunemente usato
per es in fisica

29
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3D Rotations

Modo 3: asse e angolo

e Qualunqgue rotazione data
puod essere espressa come:

e una rotazione di un angolo
attorno ad un asse

e Angolo: uno scalare (1 float)
e Asse: un versore (3 float)

opportunamente
scelti
e nota: I'asse passa per I'origine

Per il caso opposto, usare anche traslazioni.

30

Modo 3: asse e angolo

e Compattezza:
abb buono: 4 float

e Efficienza di applicazione: maluccio ®
e modo migliore: passare a matrice 3x3 (come?)
(o a quaternione: vedi poi)
e |nvertire: facilissimo
e (ribaltare angolo oppure asse)

e nota: se siinvertono entrambi?
stessa rotazione!

31
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3D Rotations

e Nota:
(ax, ay, az, alpha)
(-ax, -ay, -az, -alpha)
sono la stessa rotazione!

e > Ogni rotazione ha
due rappresentaz equivalenti
come asse e angolo!

e (eccetto I'identita, che ne ha infinite:
alpha =0, asse qualunque)

.
Modo 3: asse e angolo ‘u“.-,_';ﬁ

32

e Cumulare:
nient’affatto immediato ®

e Interpolare: ottimo!
e idea: interpolare asse, intrerpolare angolo

e Alcuni semplici caveat:

1) bisogna prima flippare uno dei due (asse,angolo)
se questo avvicina i due assi fra loro

2) angolo va interpolato... «modulo 360°» (again!)
3) I'asse va rinormalizzato post interpolazoine (come tuttii versori)
4) occhio ai casi degeneri (assi opposti)
e best results! la rotazione giusta
e eccetto per: velocita di rotaz

)
Modo 3: asse e angolo "L':?“
-

33
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Modo 3: asse e angolo: variante Ly

® asse: VvV (vettnormale, |v | =1)
e angolo: o (scalare)

e rappresentarli internamente
come 1 solo vett: v' (3 floatin tutto)
V=av
e angoloa = |V |
e asse v =V / |V]
e (nota: se angolo =0, asse si perde... infatti non conta)

® piu coinciso, ma per il resto equivalente

e anzi, meglio: una sola rappresentaz per ogni rotaz (perche?)
... compresa l'identita (perche?)

34
da: asse e angolo *u‘..,'jﬁ
—
a: matrice 3x3
® eserciziol
35
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Axis and angole - esercize
«from-to» rotation

e Problem: given a pair of versors vand w,
(v =fromand w = to)
find the minimal rotation
that brings vin w - (minimal angle)
e useful problem in several contexts (e.g. Al)

e Solution:
e the axis ais found as v x w (renormalizing it)

e of the angle o, we know
the cosine (v-w) and the sine ||vx w ||
soa=atan2(||vxwl]| ,v-w)

36

Reppresentazioni principali delle
rotazioni

e Matrici 3x3
eAngoli di Eulero
eAsse + angolo
eQuaternioni

37
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Ripasso: numeri complessi
e Conseguenze:
e “Num complesso”: (a+bi)

r - N e interpretaz geom: punti 2D (a , b)
Assunzione o .
“antasiosa’ e Moltiplicaz fra complessi: ...

e interpretaz geom: ...
céun i tc.
l2 = -1 e Dungue:
e moltiplicare per ruotare in 2D
L y numero complesso = (attorno
(anorma1) all’origine)
e numeri complessi = rappresentaz
(anorma 1) rotazioniin 2D
38

Passare ai quaternioni
(" . N e Conseguenze:
Assunzione
“fantasiosa” e “Quaternione”: (ai+bj+ck+d)
e interpr. geom: punti 3D (a,b,c), quando d=0
cisonoi,j,k tc. e Molitplicare due quat: ...
i j Kk e Invertire un quat: ...
i|-l vk e Coniungare due quatg e p
j ‘ -1 i (faregpq): ..
o e nterpretaz geom: ruotare p
k|4 - -1 con la rotaz def da ¢
e Dunque:
cioé: e coniugare conun = ruotare in 3D
7 3: :k’_:kl quat (con norma 1) (asse pass. x ori)
jl-jk:,- jklj:__,- e quaternioni -> rappresentaz
ki=j k= ) (anorma 1) rotazioni in 3D

39

3D Rotations
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Da asse+angolo
a quaternione

rotaz: di « attorno all'asse (a,, a,, a,) «
guaternione: \
g=sal+sa,j+ sazk+c

con vett. unitario

c=cos(a/2)
s=sin(a/2)

sa,, sa,,c)

e cioeg=(sa,,sa,,

e nota: =1 <
gl .
verificare!
40
¥,
Rotazioni con Quaternioni WG
e Applicazione: facillimo ;)
e ruotare p=xityjtzk «
pruotato=q-p- - q \\
e 2 moltiplicaz quat. \
e Cumulare: facillimo ) quat che rappresenta il punto
! di coord (x,y,z)
e 1 moltiplicaz quat Nota: parte reale = 0
e |nvertire: facillimo ;)
e flippare la parte reale oppure quella immaginaria
e se entrambe: rimane la stessa rotaz!
41

June 2019
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Rotazioni con Quaternioni

e simili caveats di asse e angolo:

Al) flippare un quaternione prima,
se accorcia la distanza fra i due

AZ) ri-normalizzare il quaternione dopo
e velocita: non corretta
e c’e modo di correggerla
e vedi: SLERP vs LERP

e Interpolare: facillimo ;) ...e good results!

42
Quaternion Multiplication
a b c
; + ; + I + d
€ !
fJ
+
gk
+
h
43

3D Rotations
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Quaternion Multiplication

(. h)
@ q)

( some vector

Y

some scalar

44

45
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Rotations:
defined by “from / to” versor pair

e Given two versors dO and d1,
find the minimal rotation moving s.t.
R(d0) =d1

e exercise!

e hint: which representation is easiest to find?

46

Recap: representing rotations

1/2 3x3 Matrix Euler Angles
Space efficient? 9 scalars @ 3scalars s
N (even small int!) S5 5

(in RAM, GPU, storage...)

g Apply e 9 products trigonometry
(to points/vectors) (3 dot products) A sin/cos
>
» )
o Invert Just =
2 (produce inverse) Srandpode [
E Cumulate A =
\ multiplication }
n (with another rotation) =7 o dots‘,J) L
E Interpolate o easy to do...
W (with another rotation) L] &/ unintuitive result
T ot &
Intuitiver o
(e.g. to manually set) = gan
Not Eree GIMBAL
Szt skew + scale! A LOCK

47
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Recap: representing rotations

2/2 axis + angle
Space efficient? 4 scalars (or 3) @ 4 scalars
(in RAM, GPU, storage...) (i e em merer Gl (but precision needed)

S Apply to matrix? easy
(to points/vectors) + trigonometry 22 Gl el

(unitary) qUaternion

>

[77]

o Invert & super easy A super easy
® (produce inverse) ilip xS @ gl flip imaginary or real part
= Cumulate super easy:
o . :

.— (with another rotation) 1 quat product
o

=

R

L

Intuitive?
(e.g. to manually set)

sometimes

Ty,
Interpolate @ easy + best resul easy + good result
(with another rotation) (except angular speed)
not really

N otes... (flip all = no effect) (for different reasons)

@
Q two representations for each rotation

48

And the winner is...

Obviously, the quaternions
e because they are more efficient with each operation

Obviously, the Euler angles
e because they are the most intuitive (and compact)

Obviously, angle,axis
e because they have the best LERP (easy and most natural result)

Obviously, the 3x3 matrices
e because they can also express (non uinf) scaling, and skewin
e because its three columns are the X, Y, Z axes (useful)

51
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Switching between representations

3x3 EULER
MATRIX ANGLES

QUATER- rather trivial
NION A (I expect you
to be able to!)
interesting
exercise
(try it, maybe)
52
GUI: how to author
scalings in 3D?
e scale gizmo
e 3 handles for anisotropic scalings
1 handle (middle) for uniform scalings
/A‘\\
3 Ai\.
convention: Red=X Green=Y Blue=Z
56

June 2019

24



Marco Tarini - www.mastergamedeuv.it/

3D Rotations

Rotations in  &unity -,.:7’-
(class Quaternion)

e Inthe GUI :
e See /set as Euler Angles (intuitive)

e Internally:
e Quaternions

e In the C# scripts:

e programmer choice: quat, euler, axis+angle, matrices
thanks to C# «properties»
(setter/getter methods in disguise)

e gives the illusion to be whichever kind you think they

are
57
;l-l_ 1
Rotations in @“':'EE?L "-5.';1'7’_5
fields:W X Y 7 Class FRotator
for “nautical” Euler angles:
Class FQuat : , .
o convert from: fields: Pitch Roll Yaw
e axistangle, matrix4x4, FRotator, euler (vec3) (by constructors)
e Euler angles (makeFromEuler method)
e to-from vectors FindBetween method)
e convert to:
e ToAxisAndAngle, Euler, Rotator,
e matrix columns GetAxisX,Y, Z
e also, with names: Get(Up|Right|Forward)Vector,
e methods: invert with Inverse,
blend with FastSlerp
or FastSlerpFullPath (noshortest path)
apply with RotateVector / UnrotateVector
cumulate with operator *
58

June 2019

25



Marco Tarini - www.mastergamedeuv.it/ June 2019

o e
Rotations in OpenGL ‘u“.-,_';ﬁ

e In the «old school» API:
(and now in many similar libraries)
e API: glRotate3f
e takes: angle+axis
e Internally:
e matrices

e jointly as any other spatial transform
e separated in MODEL+VIEW+PROJECT transform

59
.ll_ !
Representations for ‘It,j}
—+etatiens— roto-traslations
e 3x3 Matries )
e Euler Angles ,
_ > + Traslation
e Angle + Axis _
(displacement vect.)
e Quaternions Y,
e 4x4 Matrices (or 3x4)
e Dual Quaternions
60
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